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I. INTRODUCTION 

This paper describes an approach to the design of superconducting magnetic dipoles. 
Numerical results are given for dipoles having several different geometrical arrange- 
ments of the conductors. The procedure applied here to the design of dipoles should be 
applicable to any magnet shape. 

One of the few analytical solutions available in the design of superconducting 
magnetic dipoles is the cos 0 distribution of the current density around a circle, or 
the corresponding distribution around an ellipse. However, the usefulness of the cos 
solution is limited by a number of other requirements. The magnetic field needs to be 
uniform to a high accuracy, approximately one part in a thousand. The conductors have 
considerable thickness and it becomes difficult to place them SO that the cos Q distri- 
bution is achieved at all radii. For reasons of support and ease of winding, a surface 
made out of a series of planes may be more desirable than the elliptical surface re- 
quired by the cos 0 distribution. 

It seems likely that some other more general approach to calculating the current 
distribution to obtain the dipole field is desirable which will permit considerable 
freedom in the geometrical arrangement of the current-carrying conductors. One such 
approach is investigated'in this paper. In this approach, the field is specified at a 
certain number of discrete points on the median plane. Then for a given geometrical 
arrangement of rectaqgular conductors, the current is found in each conductor to give 
the desired field by solving a set of linear equations relating the currents and the 
field. The details of this procedure are given in Section V. 

11. TWO- PLANE RECTANGULAR DIPOLE 

Magnetic dipoles were investigated having three different geometries. Each dipole 
had a good field aperture of 9 X 18 cm2. 
tors in each dipole is shown in Figs. 1 and 2 ,  where one quadrant of the dipole is 
shown. 

The geometrical arrangement of the conduc- 

One dipole, shown in Fig. la, has a rectangular arrangement of conductors. The 
inner surface of the rectangle is at i 10.5 cm and f 6 cm, which allows 1.5 cm between 
the conductors and the good field region that can be used for the vacuum tank and sup- 
ports for the conductors. 
being a region of constant current density, and each .conductor has a thickness of 
2.54 cm, which would correspond to two layers of a 0.5 in. ribbon. 

There are ten conductors in. each quadrant, each conductor 

The currents in the ten conductors for a 50 000 G field are given in Table I. 
The field variation in the median plane over & 9 cm is AHIH = 1.6 X If we de- 
fine the good horizontal aperture as a region where the field variation AH/H is less 
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TABLE 1. The cu r ren t  d i s t r i b u t i o n  f o r  t h r e e  magnetic d i p o l e s  having 
d i f f e r e n t  geometries. AWIH is the f r a c t i o n a l  v a r i a t i o n  of 
the  magnetic f i e l d  i n  the  median plane.  
t a l  good aper ture  i n  cent imeters .  

Ax i s  t h e  hor izon-  

'Conductor 
Number 

1 

2 ,  

3 

4 

5 

6 

7 

8 

9 

10 

T o t a l  cu r ren t ,  kA 

M a x i m u m  cur ren t  
dens i t  y , kA/ cm 2 

AHIH, y = 0 

Ax, y = 0 

hx, y = 2.5 

ax, y = 4.5 

kG 'max, 

2-plane 
Rectangular 

1.00025 

1.01546 

1.06907 

2.26290 

1.99581 

0.46032 

0.39499 

0.25653 

0.14740 

0.04673 

865 

59 

1 . 6  x lom6 

18 

18 

1 6' 

56 

5 e n t  i n  10  A 

3-plane 
E l l i p t i c a l  

I. 16559 

1.89295 

2.2.7930 

0.24313 

1.05001 

0.41540 

0.65559 

0.07148 

0.14594 

0.01953 

59 

1 .6  x 

18 

15 

9 

57 

1 - p l  ane 
Planar  

2.76034 

2.99422 

3.19995 

3.21642 

2.43819 

0.84723 . 

.0.71688 

0.25205 

0.19254 

0.05337 

1667 

42 

6.0 x 

19  

21 

1 7  

82 .5  

than 2 x then the  good ape r tu re  a t  y = 0 i s  x = -C 9 cm, a t  y = 2.5 cm, 
x = f 9 cm, at  y = 4.5 c m ,  x = i 8 cm. Thus almost  t h e  e n t i r e  r e g i o n  contained 
by t h e  two-plane a r r ay  has  a s a t i s f a c t o r y  f i e l d .  The maximum f i e l d  a t  the  conduc- 
t o r s  i s  56 000 G or  12% higher than  the  f i e l d  on t h e  median plane.  The l a r g e s t  
cur ren t  dens i ty  is 59 000 A/cm2 and the  t o t a l  c u r r e n t  r e q u i r e d  i n  one quadrant i s  
865 000 A .  
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111. THREE-PLANE ELLIPTICAL DIPOLE 

The second dipole  is  shown i n  Fig. l b ,  and represents an attempt t o  approximate 
an e l l i p s e  more c lose ly .  The e l l i p s e  i s  shown by a dotted l i n e .  This d i p o l e  a l s o  
allowed 1.5 c m  fo r  the vacuum tank and support and a l s o  had t en  conductors i n  each 
quadrant with a thickness  of 2.54 cm. 

The cu r ren t s  i n  the  t e n  conductors for a 50 000 G f i e l d  are given i n  Table I. 
The f i e l d  v a r i a t i o n  i n  the median plane over i 9 cm is AH/H = 1.6 x 10-5. 
horizontal  aper ture  a t  y = 0 i s  x = f 9 cm, a t  y = 2.5 cm, x = -C 7.5 c m ,  and a t  
y = 4.5 cm, x = f 4.5 cm. The good f i e l d  region i s  close t o  t h a t  indicated by the 
e l l i p s e  with axis 4.5 X 9 cm shown i n  Fig.  l b .  The t o t a l  current  required i n  one 
quadrant i s  794 000 A .  This i s  about 9% less than the current required f o r  t h e  two- 
plane array.  However, one has t o  balance t h i s  against  the smaller good f i e l d  ape r tu re  
t h a t  is obtained by the  three-plane a r r ay .  The maximum f i e l d  a t  the conductors is  
56 900 G, and the l a r g e s t  current  densi ty  is 59 000 A/cm2. 

The good 

. .  
One can de tec t  no important advantage f o r  e i t h e r  the two-plane r ec t angu la r  a r r a y  

o r  the more e l l i p t i c a l  three-plane 'array.  The choice between the two would be d e t e r -  
mined by the shape of the good f i e l d  ape r tu re  required,  and by considerat ion of t h e  
construct ion d i f f i c u l t i e s .  

I V .  PLANAR DIPOLE 

The t h i r d  dipole  i s  shown i n  Fig. 2 .  This dipole  has a l l  the conductors i n  a 
s ing le  plane. Although c l e a r l y  less e f f i c i e n t  than the other two geometries, i t  may 
be worth considering because of the ease of winding t h i s  dipole.  I n  p a r t i c d l a r ,  t h i s  
type of dipole  may be considered i f  the requirements on the uniformity of t h e  f i e l d  
can .be relaxed. 

' This d ipo le  a l s o  allowed 1.5 cm f o r  t he  vacuum tank, and the lower su r face  of the 
plane i s  6 cm above the median plane. 
9 x 18 cm2. 
The plane i s  60 cm wide, or about 3 .5  t i m e s  as  wide as the 18 cm of good h o r i z o n t a l  
aper ture  . 

The required good f i e l d  a p e r t u r e  is again 
There are ten conductors i n  each quadrant, with a thickness of 2.54 cm.  

The cu r ren t s  i n  the t en  conductors f o r  a 50 000 G f i e l d  are given i n  Table I. 
The f i e l d  v a r i a t i o n  i n  the median plane over & 9 cm is AHJH = 6 x The. good hor i -  
zontal  aper ture  a t  y = 0 is x = i 9.5 cm, a t  y = 2.5 cm,  x = & 10.5 c m ,  and a t  y = 4.5 cm, 
x = f 8.5 cm. 
The t o t a l  current  required i n  one quadrant i s  1 667 000 A ,  which is  about t w i c e  t h e  cur- 
r e n t  required i n  the rectangular  geometry. 
82 500 G, o r  about 60% higher than the median plane f i e l d .  The l a r g e s t  cu r ren t  dens i ty  
i s  42 000 A. 

Thus almost t h e  f u l l  r ec t ang le  of 9 X 18 cm2 i s  a region of good f i e l d .  

The maximum f i e l d  at  the conductors i s ,  

The e f f i c i ency  of t h i s  dipole  could be improved i f  a leas uniform magnetic f i e l d  
were acceptable.  

V. THEORY 

The problem t o  be solved is: given a geometrical arrangement of N conductors,  f ind 
t h e  current i n  each c'onductor, Cn, i n  o r d e r , t o  obtain a desired magnetic f i e l d  i n  the 
median plane. L e t  us suppose t h a t  the magnetic f i e l d  is specif ied a t  L po in t s  i n  the 
median plane, t he  points  d r e  designated by xi, and the magnetic f i e l d  a t  these points  by 
H i .  
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The equations for  the  Cn can be w r i t t e n  i n  terms of Gi,.,, which 'is the magnetic 

One can then write down the 
f i e l d  a t  point x i  due t o  a un i t  cu r ren t  flowing i n  conductor n. 
culated from the geometry of the conductor arrangement. 
L equations 

The G i , ?  can be cal- 

N 

1 Gi,n Cn = Hi . 
n=l 

In pr inciple  one might solve Eq. (1) by making L and N equal. This, however, 
leads t o  mathematical d i f f i c u l t i e s  i n  solving the  equations.  Solution of the equations 
requires  a high degree of numerical precis ion,  and the solut ion o f t en  gives currents  
too high t o  be acceptable. 
equations by a 'least squares procedure. 
expression, 

It is  preferable  t o  make L l a rge r  than N ,  and t o  solve the 
One chooses t h e  currents  Cn by minimizing the 

(2a) 
2 2 

E = K  + q C  , 

L N  

i = L  n=1 

The term q C2 is  added i n  order  t o  help r u l e  out solut ions with large o s c i l l a t i n g  
The parameter q is  determined by t r ia l ,  and a q = 10-11 w a s  used i n  the  r e -  currents.  

s u l t s  l i s t e d  i n  t h i s  paper. 

Minimizing E i n  Eq .  (2a) y i e l d s  the equations €or Cn, 

(G' G f  4 I) C = G'H . (3) 

Equation (3)  i s  a matrix equation. 
C has the elements Cn, H has the  elements H i ,  and I i s  the  i d e n t i t y  matrix. 

G is  the  matrix G i + ,  G '  i s  the transpose of G,  

The solut ions €or en found from Eq. (3) were s t i l l  not s a t i s f ac to ry ,  as so f a r  
only the f i e l d  on the median plane has been spec i f i ed .  
f i e l d  on the median plane w a s  equal t o  the spec i f i ed  f i e l d  t o  a high degree of accuracy, 
the f i e l d  off the median plane departed considerably from the desired f i e l d .  
was found des i r ab le  t o  specify the  magnetic f i e l d  a t  L, points on the  median plane and 
a t  L points along the y-axis o f f  the median plane. 

It w a s  found tha t  although the 

Thus i t  

57 

I n  order t o  specify the magnetic f i e l d  along the  y-axis,  the following r e l a t i o n s  
fo r  the f i e l d  along the y-axis may be used. 
plane i s  given by the power series 

L e t  us assume that  the f i e l d  i n  the median 

m 

It follows from Maxwe11's equations tha t  the f i e l d  along the y-axis i s  then.given by 
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a (5a)  
2 6 

Hy(O,y) = bo - b2 y -I- bq. y4 - b6 y + .... 

I 
1 1 . 8  I I I I I f  I 

I n  computing magnet ic  d i p o l e s ,  w a s  s p e c i f i e d  a long  t h e  y - a x i s .  I n  computing 

Y quadrupoles ,  i t  would be more e t o  s p e c i f y  H, a long  t h e  y-axis as H = 0 .  

I 
, I I 
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Fig .  1. The arrangement of t h e  conductors  i n  two magnet ic  d i p o l e s ,  
t h e  two-plane r e c t a n g u l a r  d i p o l e  and t h e  t h r e e - p l a n e  
e l l i p t i c a l  d ipole .  
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Fig. 2. ' The arrangement of the conductors in a planar magnetic dipole .  
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